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Abstract
For a discrete group G, we consider βG, the Stone– ˇCech compactification of G, as a right
topological semigroup, and G∗ = βG \ G as a subsemigroup of βG. We study the mappings
λ∗p :G∗ → G∗and µ∗ :G∗ → G∗, the restrictions to G∗ of the mappings λp :βG → βG and
µ :βG→ βG, defined by the rules λp(q) = pq, µ(q) = qq. Under some assumptions, we prove
that the continuity of λ∗p or µ∗ at some point of G∗ implies the existence of a P -point in ω∗.
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Given a discrete space X, we take the points of βX, the Stone– ˇCech compactification
of X, to be the ultrafilters on X, with the points of X identified with the principal
ultrafilters. The topology of βX can be defined by stating that the sets of the form
{p ∈ βX: A ∈ p}, where A is a subset of X, are a base for the open sets. We note that
the sets of this form are clopen and that, for any p ∈ βX and any A ⊆ X, A ∈ p if and
only if p ∈A, where A is the closure of A in βX. If A is a subset of X, we shall use A∗ to
denote A \A. In particular, X∗ is the set of all free ultrafilters on X.
Let G be a discrete group. There are two natural ways of extending multiplication
from G to βG. We follow [5, Chapter 4]. Given any p,q ∈ βG and A⊆G, put
A ∈ pq if and only if {g ∈G: g−1A ∈ q} ∈ p.
Take any element P ∈ p and, for every x ∈ P , choose some element Qx ∈ q . Then⋃
x∈P xQx ∈ pq and the family of subsets of this form is a base for the ultrafilter pq .
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This multiplication on βG is associative, so βG is a semigroup and G∗ is a subsemigroup
of βG.
For every p ∈ βG, denote by ρp :βG→ βG and λp :βG→ βG the mappings, defined
by the rules ρp(q)= qp, λp(q)= pq . The mapping ρp is continuous at every point of βG
for every p ∈ βG, so βG is a right topological semigroup. The mapping λp is continuous
at every point of βG for every p ∈G, so G⊆Λ(βG), where
Λ(βG)= {p ∈ βG: λp is continuous at every point of βG}
is the topological centre of βG. It is well known that Λ(βG)=G for every group G (see
[7] for this and more general results).
For every p ∈G∗, denote by λ∗p the restriction of λp to G∗ and by
Λ(G∗)= {p ∈G∗: λ∗p is continuous at every point of G∗},
the topological centre of G∗. By [8], Λ(G∗)= ∅ for every group G. For countable groups
this was proved in [3]. Moreover, if card G is nonmeasurable, there exists a point q ∈G∗
such that λ∗p is discontinuous at q for every p ∈G∗.
If p,q ∈ βG and either p ∈G or q ∈G, then the multiplication is a jointly continuous
mapping from βG× βG to βG. Let G be a countable Abelian group without elements of
order 2 and let p,q ∈ βG. If the multiplication βG× βG→ βG is jointly continuous at
(p, q), then either p ∈G or q ∈G [9]. Under some set-theoretical assumptions additional
to ZFC, there exists a group G and p,q ∈ G∗ such that the multiplication is jointly
continuous at (p, q) [9].
Given any group G, denote by µ :βG→ βG the mapping defined by µ(q) = qq .
Denote by µ∗ the restriction of µ to G∗. It was observed in [6] that the mapping
µ :βZ→ βZ is not continuous, where Z is the group of integers.
Let G be a countable group and let q be a P -point in G∗ (i.e., the intersection of every
countable family of neighbourhoods of q in G∗ is a neighbourhood of q in G∗). By [1],
the mappings λ∗p and µ∗ are continuous at q for every p ∈G∗.
In this paper we give some partial answers to the following questions.
• Let G be a countable group and let q ∈ G∗. Suppose that λ∗p is continuous at q for
every p ∈G∗. Is q a P -point in G∗?
• Does there exist (in ZFC) a countable group G and p,q ∈ G∗ such that λ∗p is
continuous at q?
• Does there exist (in ZFC) a countable group G and q ∈G∗ such that µ∗ is continuous
at q?
We prove (Theorem 1) that, if a countable group G is embeddable in a compact
topological group (in particular, if G is an Abelian group), if q ∈G∗ and λ∗p is continuous
at q for every p ∈G∗, then q is a P -point in G∗. By Theorems 2, 3, if G is a countable
group, and if p ∈ G∗ is either a right cancellable element of the semigroup G∗ or an
idempotent of G∗, and if λ∗p is continuous at p, then there exists a mapping f :G→ ω
such that f β(p) is a P -point in ω∗, where f β :βG→ βω is the Stone– ˇCech extension
of f .
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By Theorems 4, 5, if G is a countable group, if p ∈ G∗ is either a right cancellable
element of G∗ or an idempotent of G∗, and if µ∗ is continuous at p, then there exists a
mapping f :G→ ω such that f β(p) is a P -point in ω∗. Our main result (Theorem 6)
states that, for a countable Abelian group without elements of order 2, the only points of
continuity of µ∗ are P -points of G∗.
Lemma 1. Let G be a countable group and let p,q ∈ G∗. Then the mapping λ∗p is
discontinuous at q if and only if there exists R ∈ pq such that, for every Q ∈ q , there
exists P ∈ p and an infinite subset A⊆Q such that xA∩R is finite for every x ∈ P .
Proof. Suppose that λ∗p is discontinuous at q . Take R ∈ pq such that λ∗p(Q∗)  R∗ for
every Q ∈ q . Pick q ′ ∈Q∗ with pq ′ /∈ R∗ and choose P ∈ p, P = {xn: n ∈ ω}, Qn ∈ q ′,
Qn+1 ⊆Qn (∀n ∈ ω) such that xnQn ⊆G \ R. For every n ∈ ω, choose yn ∈Qn and put
A= {yn: n ∈ ω}. Since xnym ∈G \R for m n, it follows that xnA∩R is finite.
Suppose that there exists R ∈ pq such that, for every Q ∈ q , there exists P ∈ p and an
infinite subset A⊆Q such that xA∩ R is finite for every x ∈ P . Take any q ′ ∈ A∗. Then
λ∗p(q) /∈R∗ and so λ∗p is discontinuous at p. ✷
Definition 1. A free ultrafilter q on a group G is called sequential if there exist a subset
{xn: n ∈w} ∈ q and a function f :w→w such that
xiXf (i) ∩ xjXf (j) = ∅
for i = j , where Xk = {xn: n k}.
The following two lemmas give topological examples of sequential ultrafilters.
A topology τ on a groupG is called left (right) invariant if the mappings x → gx (x → xg)
are continuous for every element g ∈G.
Lemma 2. Let τ be a regular left invariant topology on a group G and let 〈xn〉n∈ω be an
injective sequence in G converging to the identity e of G. If q ∈G∗ and {xn: n ∈ ω} ∈ q ,
then q is sequential.
Proof. Using the regularity of τ choose a disjoint family {Un: n ∈ ω} of open subsets
of G such that xn ∈ Un for every n ∈ ω. Since τ is left invariant, for every n ∈ ω, there
exists a neighbourhoodVn of e with xnVn ⊆Un. Since 〈xn〉n∈ω converges to e, there exists
f :ω→ ω such that Xf(n) ⊆ Vn for every n ∈w. Since xiVi ∩ xjVj = ∅ if i = j , we have
xiXf (i) ∩ xjXf (j) = ∅. ✷
Lemma 3. Let τ be a regular left and right invariant topology on a group G and let
〈xn〉n∈ω be an injective converging sequence in G. If q ∈G∗ and {xn: n ∈w} ∈ q , then q
is sequential.
Proof. Let g be the limit of 〈xn〉n∈ω . Since 〈xng〉n∈ω converges and τ is regular, there
exists a disjoint family {Un: n ∈ ω} of open subsets of G with xng ∈ Un for every n ∈ ω.
For every n ∈ ω, take a neighbourhood Vn of g with xnVn ⊆Un. Since 〈xn〉n∈ω converges
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to g, there exists a function f :ω → ω such that Xf (n) ⊆ Vn for every n ∈ ω. Since
xiVi ∩ xjVj = ∅ if i = j , we have xiXf (i) ∩ xjXf (j) = ∅. ✷
Definition 2. A point x of a topological space X is called a P -point if the intersection
of any countable family of neighbourhoods of x is a neighbourhood of x . An ultrafilter
p ∈ ω∗ is a P -point in ω∗ if and only if, for every countable partition ω =⋃k∈ωWk such
that Wk /∈ p for every k ∈ ω, there exists a set Q ∈ p for which Q∩Wk is finite for every
k ∈ ω.
Lemma 4. Let p be a sequential ultrafilter on a group G. If λ∗p is continuous at p, then p
is a P -point in G∗.
Proof. Choose {xn: n ∈ ω} ∈ p and f :ω → ω with xiXf (i) ∩ xjXf (j) = ∅ if i = j .
Denote by H the subgroup of G generated by the subset {xn: n ∈ w}. We may assume
that G=H so G is countable. Suppose that p is not a P -point in G∗. Then there exists a
partition X0 =⋃k∈ω Yk such that Yk /∈ p for every k ∈ ω and, for every Q ∈ p, there exists
m ∈ ω for which Q∩ Ym is infinite. Put
R =
⋃
k∈ω
xk
(
Xf(k) \ (Y0 ∪ Y1 ∪ · · · ∪ Yk)
)
.
Clearly, R ∈ pp. Given any subset Q ∈ q , put A=Q∩ Ym, P =Xm. Take any element
xk ∈ Xm and put A′ = A ∩ Xf (k). Observe that A \ A′ is finite and xkA′ ∩ xiXf (i) = ∅
if i = k. Since k  m, we have A′ ⊆ Y0 ∪ Y1 ∪ · · · ∪ Yk . Hence xkA′ ∩ R = ∅. Apply
Lemma 1. ✷
Theorem 1. Let a countable group G be a subgroup of compact topological group H and
let q ∈G∗. If λ∗p is continuous at q for every p ∈G∗, then q is a P -point in G∗.
Proof. We may suppose that H is first countable, so let {Un: n ∈ ω} be a base of open
neighbourhoods of the identity e in H , with Un+1 ⊂ Un for every n ∈ ω. Denote by g
the limit of q in H . Put q1 = qg−1 and denote by G1 the subgroup of H generated by
G∪ {g}. Clearly, λ∗p :G∗1 →G∗1 is continuous for every p ∈G∗. We show that there exists
a sequence 〈xn〉n∈ω converging to e such that {xn: n ∈ ω} ∈ q1. Suppose the contrary. Put
Vn = Un \ Un+1 for every n ∈ ω. Then, for every Q ∈ q1, there exists m ∈ ω for which
Vm ∩Q is infinite. Let
W0 =
⋃
k∈w
V4k, W1 =
⋃
k∈w
V1+4k,
W2 =
⋃
k∈w
V2+4k, W3 =
⋃
k∈w
V3+4k.
Since q1 converges to e, Wi ∈ q1 for some i ∈ {0,1,2,3}. We consider only the case
i = 1. Take p ∈G∗ such that p converges to e and W3 ∈ p. Note that pq1 ∈W∗3 and put
R =W3. Take any set Q ∈ q1 and choosem ∈ ω such that the set B =Q∩V1+4m is infinite.
Let b be a limit point of B . Then b ∈W0 ∪W1 ∪W2. Take neighbourhoodsU of e and W
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of b such that UW ⊆W0 ∪W1 ∪W2. Put A= B ∩W . Then xA∩R = ∅ for every x ∈U .
By Lemma 1, λ∗p is discontinuous at q∗1 , a contradiction.
Hence the sequence 〈xng〉n∈ω converges in H and {xng: n ∈ ω} ∈ q . By Lemma 3, q is
sequential. By Lemma 4, q is a P -point in G∗. ✷
Corollary. Let G be either a countable Abelian group or a free group of rank r  ω and
let q ∈G∗. If λ∗p is continuous at q for every p ∈G∗, then q is a P -point in G∗.
Question 1. Is Theorem 1 true for every countable group?
Definition 3. An element p of a semigroup S is called right cancellable if, for any r, s ∈ S,
rp = sp implies r = s. Let G = {gn: n ∈ ω} be a countable group. By [5, §8.2], an
ultrafilter p is a right cancellable element of the semigroup G∗ if and only if there exists a
family {Pn: n ∈ ω} such that Pn ∈ p for every n ∈ ω, and giPi ∩ gjPj = ∅ if i = j .
Definition 4. Let X,Y be discrete spaces. Given any mapping f :X → Y , denote by
f β :βX→ βY the Stone– ˇCech extension of f .
Theorem 2. Let G be a countable group and let p ∈G∗ be a right cancellable ultrafilter.
If λ∗p is continuous at p, there exists a mapping f :G→ ω such that f β(p) is a P -point
in ω∗.
Proof. Let G = {gn: n ∈ ω}. Choose a family {Pn: n ∈ ω} of elements of p such that
Pn+1 ⊂ Pn for every n ∈ ω, and giPi ∩ gjPj = ∅ if i = j . Define f :G→ ω by the rule
f (x)=
{
0 if x ∈G \ P0,
i + 1 if x ∈ Pi \ Pi+1.
Suppose that f β(p) is not a P -point in ω∗. Then there exists a partition ω =⋃k∈ωWk
such that Wk /∈ f β(p) for every k ∈ ω, and, for every Q ∈ p, there exists m ∈ ω for which
f (Q)∩Wm is infinite. Put Qk = f−1(Wk) and
R =
⋃
k∈ω
gk
(
Pk \ (Q0 ∪Q1 ∪ · · · ∪Qk)
)
.
Clearly, R ∈ pp. Given any element Q ∈ p, choose m ∈ ω such that the set f (Q) ∩Wm
is infinite. Choose a sequence 〈an〉n∈ω of elements of Q such that f (an) ∈Wm for every
n ∈ ω, and the sequence 〈f (an)〉n∈ω is injective. Put A = {an: n ∈ ω} and P = Pm. Fix
any k  m and put A′ = A ∩ Pk . Since the sequence 〈f (an)〉n∈ω is injective, A \ A′ is
finite. Since gkA′ ⊆ gkPk , we have gkA′ ∩ giPi = ∅ if k = i . Since k  m, we have
A′ ⊆Q0 ∪Q1 ∪ · · · ∪Qk .
Hence gkA′ ∩R = ∅. Apply Lemma 1. ✷
Question 2. Let G be a countable group and let p ∈G∗ be a right cancellable ultrafilter.
Suppose that λ∗p is continuous at p. Is p a P -point of G∗?
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Definition 5. An element p of a semigroup S is called an idempotent if pp = p. An
ultrafilter p on a groupG is an idempotent of the semigroup βG if and only if, for every set
P ∈ p, there exists Q ∈ p and a family {Qx : x ∈Q} of elements of p such that xQx ⊆ P
for every x ∈Q.
Theorem 3. Let G be a countable group and let p be an idempotent in G∗. If λ∗p is
continuous at p, then there exists a mapping f :G→ ω such that f β(p) is a P -point
in ω∗.
Proof. Let B =⊕w Z2 be a countable Boolean group. Identify B with the set of all
ω-vectors x with coordinates 0,1 such that all but finitely many coordinates of x are
equal to 0. For every element x ∈ B \ {0}, put min(x) = min{n ∈ ω: xn = 0} and
max(x)= max{n ∈ ω: xn = 0}. For every n ∈ ω, let bn = {x ∈ B: min(x) n}. Then the
family {Bn∪{0}: n ∈w} forms a base of neighbourhoods of zero for a uniquely determined
group topology τ on B. Denote by H the set of all free ultrafilters on B converging to
zero in τ . By [5, §7.2] there exists a closed subsemigroup S of G∗, p ∈ S and a mapping
h :G→ B such that h∗ is a topological isomorphism between S and H . Put q = h∗(p).
Since λ∗p is continuous at p, the restriction of λ∗q to H is continuous at q .
In what follows we use a method from [2]. It suffices to show that minβ(q) is a P -point
in ω∗. Let t :ω → ω be any mapping. We have to prove that there exists Q ∈ q such
that either t (min(x))= const for every x ∈Q or the restriction of t to min(Q) has finite
preimages. Given any element x ∈B \{0}, consider the list i1 < i2 < · · ·< in of its nonzero
coordinates. Say that x is even (odd) if the number of pairs (ik, ik+1) such that t (ik+1) ik
is even (odd). Since q is an ultrafilter we have got two cases.
Case 1. There exists Q ∈ q such that every element x ∈Q is odd. Choose a ∈Q and
Q1 ∈ q such that Q1 ⊆ Q, a +Q1 ⊆ Q and max(a) < min(x) for every x ∈ q1. Since
every element of Q is odd, t (min(x))max(a) for every x ∈Q1.
Case 2. There exists Q ∈ q such that every element x ∈Q is even. We show that there
exists Q1 ∈ q such that the restriction of t to min(Q1) has finite preimages. Since the
restriction of λ∗q to H is continuous at q , there exist Q1 ∈ q such that λ∗q(Q∗1 ∩H )⊆Q∗
and Q1 ⊆Q. We prove that the restriction of t to min(Q1) has finite preimages. Suppose
the contrary and choose a sequence 〈an〉n∈ω of elements of Q1 such that max(an) <
min(an+1) and t (min(an))= const for every n ∈ ω.
Take any ultrafilter q1 ∈Q∗1 with {an: n ∈ ω} ∈ q1. Note that q1 ∈H . Hence, qq1 ∈Q∗.
Choose x ∈Q and a set B ∈ q1 such that x+B ⊆Q, B ⊆ {an: n ∈ ω} and max(x) > const.
If b ∈ B and min(b) >max(x), then x + b is odd. Hence, x + b /∈Q, a contradiction. ✷
Remark 1. We cannot state that p itself is a P -point in G∗. Take a strongly summable
idempotent p ∈B∗ [5, §12.2]. For every P ∈ p, there exists Q ∈ p such that {x+y: x, y ∈
Q, x = y} ⊆ P . Clearly, λ∗p is continuous at p, but a P -point in B∗ cannot be an
idempotent.
Question 3. Let Z be the group of integers and let p be an idempotent in Z∗. Is λ∗p
discontinuous at p?
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In the second part of this paper we investigate the continuity of the mapping µ∗ defined
in the introduction.
Lemma 5. Let G be an infinite group and let p ∈G∗. Then µ∗ is discontinuous at p if and
only if there exists R ∈ pp such that, for every P ∈ p, there is an infinite subset A⊆ P for
which aA∩R is finite for every a ∈A.
Proof. Suppose that µ∗ is discontinuous at p. Take R ∈ pp such that µ∗(P ∗)  R∗ for
every P ∈ p. Pick q ∈ P ∗ with qq /∈ R∗. Choose q ∈Q and a family {Qx : x ∈Q},Qx ∈ q ,
Qx ⊆Q such that xQx ∩ R = ∅ for every x ∈Q. Take any element a0 ∈Q. Then choose
elements
a1 ∈Qa0, a2 ∈Qa0 ∩Qa1, a3 ∈Qa0 ∩Qa1 ∩Qa2, . . .
Put A= {an: n ∈ ω}. If m> n, then anam /∈ R. Hence aA∩R is finite for every a ∈A.
Suppose that there exists R ∈ pp such that, for every P ∈ p, there exists an infinite
subset A ⊆ P for which aA ∩ R is finite for every a ∈ A. Take any q ∈ A∗. Then
µ∗(q) /∈ R∗ and so µ∗ is discontinuous at p. ✷
Lemma 6. Let p be a sequential ultrafilter on a group G. If µ∗ is continuous at p, then p
is a P -point in G∗.
Proof. Choose {xn: n ∈ ω} ∈ p and f :ω→ ω such that xiXf (i) ∩ xjXf (j) = ∅ if i = j .
Suppose that p is not a P -point in G∗. Then there exists a partition X0 =⋃k∈ω Yk such
that Yk /∈ p (∀k ∈ ω) and, for every P ∈ p, there exists m ∈ ω for which P ∩Ym is infinite.
Put
R =
⋃
k∈ω
xk
(
Xf(k) \ (Y0 ∪ Y1 ∪ · · · ∪ Yk)
)
.
Clearly, R ∈ pp. Given any subset P ∈ p, put A = P ∩ Ym ∩ Xm. Take any element
xk ∈ A and put A′ = A ∩ Xf (k). Observe that A \ A′ is finite and xkA′ ∩ xiXf (i) = ∅ if
i = k. Since k m and A′ ⊆ Ym, we have A′ ⊆ Y0 ∪ Y1 ∪ · · · ∪ Yk . Hence xkA′ ∩ R = ∅.
Apply Lemma 5. ✷
Theorem 4. Let G be a countable group and let p ∈G∗ be a right cancellable ultrafilter. If
µ is continuous at p, then there exists a mapping f :G→ ω such that f β(p) is a P -point
in ω∗.
Proof. Define f :G→ ω as in the proof of the Theorem 2. Suppose that f β(p) is not
a P -point in ω∗. Then there exists a partition ω = ⋃k∈ωWk such that Wk /∈ f β(p)
(∀k ∈ w) and, for every P ∈ p, there exists m ∈ ω for which f (P ) ∩Wm is infinite. Put
Qk = f−1(Wk) and
R =
⋃
k∈ω
gk
(
Pk \ (Q0 ∪Q1 ∪ · · · ∪Qk)
)
.
Clearly, R ∈ pp. Given any P ∈ p, choose m ∈ ω for which f (P )∩Wm is infinite. Choose
a sequence 〈an〉n∈ω of elements of P such that the sequence 〈f (an)〉n∈ω is injective and
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f (an) ∈ Wm (∀n ∈ w). Put A = {an: n ∈ ω} ∩ {gk: k  m}. Fix any k  m and put
A′ = A ∩ Pk . Since 〈f (an)〉n∈ω is injective, A \A′ is finite. Since gkA′ ⊆ gkPk , we have
gkA
′ ∩ giPi = ∅ if i = k.
Since k m, we have A′ ⊆ {gk: k m} and we can apply Lemma 5. ✷
Theorem 5. Let G be a countable group and let p be an idempotent in G∗. If µ∗ is
continuous at p, there exists a mapping f :G→ ω such that f β(p) is a P -point in ω∗.
Proof. Repeat the proof of Theorem 3 until Case 2. Thus we have a subset Q ∈ q such that
every element x ∈Q is even. Since the restriction ofµ∗ :B∗ →B∗ toH is continuous at q ,
there exists Q1 ∈ q such that Q1 ⊆Q and µ∗(Q∗1 ∩H )⊆Q∗. We show that the restriction
of t to min(Q1) has finite preimages. Suppose the contrary and choose a sequence 〈an〉n∈ω
in Q1 such that max(an) < min(an+1) and t (min(an) = const for every n ∈ ω. Take any
ultrafilter q1 ∈ Q∗1 with {an: n ∈ ω} ∈ q1 and observe that q1 ∈ H . Hence q1q1 ∈ Q∗.
Choose x ∈ Q1 with max(x) > const, and a subset B ∈ q1 such that x + B ⊆ Q and
B ⊆ {an: n ∈ ω}. If b ∈ B and min(b) > max(x), then x + b is odd. Hence, x + b /∈Q,
a contradiction. ✷
Comparing Lemma 4, Theorems 2 and 3 with Lemma 6, Theorems 4 and 5 we get the
following questions.
Question 4. Let G be a group and let p be a free ultrafilter on G such that µ∗ is continuous
at p. Is λ∗p continuous at p?
Question 5. Let G be a group and let p be a free ultrafilter on G such that λ∗p is continuous
at p. Is µ∗ continuous at p?
Definition 6. A free ultrafilter p on an Abelian group G is called a PS-ultrafilter if, for
every 2-coloring of G, there exists P ∈ p such that the subset PS(P ) is monochrome,
where PS(P )= {x + y: x, y ∈ P, x = y}. Equivalently, p is a PS-ultrafilter if the family
{PS(P ): P ∈ p} is a base of an ultrafilter.
By Lemma 5, µ∗ is continuous at p for every PS-ultrafilter on G. By [10, Theorem 1],
every PS-ultrafilter on a group G without elements of order 2 is selective. To prove the
following Theorem 6 we use part of the proof of Theorem 1 in [10].
Lemma 7. Let G be a subgroup of the circle T . If p ∈G∗ and µ∗ is continuous at p, there
exists a countable subset P ∈ p and p is a P -point in G∗.
Proof. Consider T = R/Z as [0,1) with addition mod 1. We may suppose that p
converges to 0 in the natural topology on [0,1) and [0, 12 ) ∈ p. By Lemma 2 and
Lemma 6, it suffices to show that there exists a sequence 〈gn〉n∈ω converging to 0 such
that {gn: n ∈ ω} ∈ p. For every n ∈ ω, put Kn = [ 12n+1 , 12n ) and
A0 =
⋃
n∈ω
K2n, A1 = T \A0.
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Take i ∈ {0,1} such that Ai ∈ p. Since p converges to 0 and [0, 1 ) ∈ p, we have2
Ai ∈ p + p. Pick P ∈ p such that µ∗(P ∗) ⊆ A∗i and P ⊆ Ai . Suppose that the subset
P ∩Km is infinite for some m ∈w. Take any q ∈ (P ∩Km)∗. Then q ∈ P ∗ but µ∗(q) /∈A∗i .
Hence P ∩Kn is finite for every n ∈ ω. Enumerate the elements of P = {gn: n ∈ ω} such
that the sequence 〈gn: n ∈ ω〉 converges to 0. ✷
Lemma 8. Let G be an Abelian group and let H be a subgroup of G. Let p ∈ G∗ and
g + H /∈ p for every g ∈ G. If µ∗ is continuous at p, then there exists P ∈ p such that
P ∩ (g+H) is finite for every g ∈G.
Proof. Suppose the contrary. For every P ∈ p, choose g(P ) ∈G such that P ∩(g(P )+H)
is infinite. Put Q(P)= P ∩ (g(P )+H) and pick any q(P ) ∈G∗ with Q(P) ∈ q(P ). Let
f be the canonical homomorphism G→G/H . Observe that
f
(
q(P )+ q(P ))= 2g(P )+H = 2f (q(P )).
By the continuity of µ∗ at p, we have
p− limf (q(P )+ q(P ))= f β(p+ p)= f β(p)+ f β(p).
Since the mapping x→ 2x is continuous in βG, then p− lim 2f (q(P ))= 2f β(p). Hence,
f β(p) + f β(p) = 2f β(p). By assumption, f β(p) ∈ (G/H)∗. We have a contradiction
with [9, Theorem 3.9]. ✷
Lemma 9. Let G be an Abelian group, let H be a subgroup of G and let f :G→ G/H
be the canonical homomorphism. If µ∗ is continuous at p ∈G∗ and f β(p) is a P -point in
(G/H)∗, then p is a P -point in G∗.
Proof. By Lemma 8, there exists P ∈ p such that the restriction of f to P is finite-to-
one. Suppose that p is not a P -point in G∗ and choose a family {Pn: n ∈ w} such that
Pn ∈ p, Pn+1 ⊆ Pn ⊆ P for every n ∈ ω, and ⋂n∈ω P ∗n is not a neighbourhood of P .
Then, for every Q ∈ p, there exists n ∈ ω for which Q∩ (Pn \ Pn+1) is infinite. Since the
restriction of f to P has finite preimages, f (Q) ∩ (f (Pn) \ f (Pn+1)) is infinite. Hence⋂
n∈ω(f (Pn))∗ is not a neighbourhood of f β(p), a contradiction. ✷
Theorem 6. Let G be a countable Abelian group without elements of order 2. If p ∈G∗
and µ∗ is continuous at p, then p is a P -point in G∗.
Proof. By [4, Theorem 24.1], we can considerG as a subgroup of the direct sum of rational
numbers and Prüfer p-groups, p = 2. We embed this direct sum in the circle T , so that
G is a subgroup of
⊕
n∈ω Tn, Tn  T and prn(G) has no elements of order 2 for every
n ∈ ω. Suppose that prβn(p) is a free ultrafilter for some n ∈ ω. By Lemma 7, prβn(p)
is a P -point in (prn(G))∗. By Lemma 9, p is a P -point in G∗. Thus, we may assume
that, for every n ∈ ω, there exists Pn ∈ p and yn ∈ prn(G) such that prn(Pn) = {yn}. Put
y = (y0, y1, . . . , yn, . . .) and consider y as an element of the product T =∏n∈ω Tn. Denote
by H the subgroup of T generated by G∪{y}. Put q = p−y . Observe that µ∗ :H ∗ →H ∗
is continuous at q and, for every n ∈ ω, there exists Qn ∈ q such that prn(Qn)= {0}. For
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every element g ∈H \ {0}, let min(g)= min{n ∈ ω: prn(g) = 0}. Put m(g)= g(min(g)).
Note that m :H → T . Let t be a limit of mβ(q) in T . Since P rnQn = {0}, mβ(q + q) also
converges to t . We consider two cases.
Case 1. t = 0. Choose disjoint neighbourhoods U,V of t and 2t with U +U ⊆ V . By
the continuity of µ∗ at q , there exists Q ∈ q such that m(Q)⊆ U and mβ(Q∗ +Q∗)⊆U∗.
Suppose that there exists n ∈ ω and an infinite subsetA⊆Q such that min(g)= n for every
g ∈ A. Since prn(H) has no element of order 2, 12 = g(n) for every g ∈ A. Choose any
q ′ ∈A∗. Then U ∈mβ(q ′ + q ′), contradicting the assumption that U ∩ V = ∅. Hence, for
every n ∈ ω, there is only finite number of elements g ∈Q with m=min(g). EnumerateQ
as a sequence 〈gn〉n∈ω converging to zero in the product topology on T . Apply Lemmas 2
and 6.
Case 2. t = 0. Use the partition T = A0 ∪ A1 from the proof of Lemma 7. Put Bi =
m−1(Ai) and choose i ∈ {0,1} such that Bi ∈ q . Note that Bi ∈ q + q . Since t = 0 and µ∗
is continuous at q , there exists Q ∈ q such that Q⊆ Bi and µ∗(Q∗ +Q∗)⊆ Bi . It follows
that m(Q) can be enumerated as a sequence 〈gn〉n∈ω converging to zero in T . Moreover,
for every element g ∈ Q, the set Mg = {g′ ∈ Q: min(g) = min(g′), m(g) = m(g′)} is
finite. Put M =⋃n∈ω m−1(gn). Since M ∈ q + q and µ∗ is continuous at q , there exists
P ∈ q such that µ∗(P ∗ +P ∗)⊆M∗ and P ⊆Q. Suppose that there exists m ∈ ω such that
the subset Am = {g ∈ P : min(g) = m} is infinite. Take any ultrafilter q ′ ∈ A∗. Note that
M /∈ q ′ +q ′ because the sequence 〈gn〉n∈ω converges to zero, contradicting the assumption
that q ∈ P ∗. Hence Am is finite for every m ∈ ω. Since Mg is finite for every g ∈ P , we
can enumerate P as a sequence converging to zero in T . Apply Lemmas 2 and 6. ✷
Remark 2. A strongly summable ultrafilter on a countable Boolean group (see Remark 1)
shows that Theorem 6 is not valid for all countable Abelian groups.
Question 6. Let G be a countable Abelian group and let p ∈ G∗. Suppose that µ∗ is
continuous at p. Does there exist a mapping f :G→ ω such that f β(p) is a P -point
in ω∗?
We conclude the paper with one weak property of continuity of λ∗p and µ∗.
Definition 7. Let X,Y be topological spaces. A mapping f :X → Y is called quasi
continuous at point x ∈X if, for any neighbourhoodsU and V of x and f (x), there exists
a nonempty open subset W ⊆U such that f (W)⊆ V .
Proposition 1. Let G be a countable group and let p ∈G∗. Then λ∗p is quasi continuous
at every point of G∗.
Proof. Fix any q ∈ G∗ and take any Q ∈ q , R ∈ pq . Choose a set P = {xn: n ∈ ω} ∈ p
and a family {Qn: n ∈ ω} such that Qn ∈ q , Qn+1 ⊆Qn ⊆Q, xnQn ⊆R for every n ∈ ω.
For every n ∈ ω, pick yn ∈Qn and put Y = {yn: n ∈ ω}. If m n, then xnym ∈ R. Hence,
λ∗p(Y ∗)⊆R∗ and Y ∗ ⊆Q∗, so λ∗p is quasi continuous at q . ✷
Proposition 2. For every infinite group G, µ∗ is quasi continuous at every point of G∗.
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Proof. Fix any subset q ∈ G∗ and take any R ∈ qq , P ∈ q . Choose a set Q ∈ q and a
family {Qx : x ∈ Q} such that Q ⊆ P , Qx ⊆ Q, xQx ⊆ R for every x ∈ Q. Take any
element x0 ∈Q. Then choose elements
x1 ∈Qx0, x2 ∈Qx0 ∩Qx1, x3 ∈Qx0 ∩Qx1 ∩Qx2, . . . .
Put X = {xn: n ∈ ω}. Then µ∗(X∗) ⊆ R∗ and X∗ ⊆ P ∗, so µ∗ is quasi continuous
at q . ✷
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